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1 Introduction - Patrick Massot

Theorem 1.1. (Donaldson '96)
If (V,w) is a closed symplectic manifold with %[w] € H*(V,Z), then for k >> 1 there
exists X symplectic of codimension 2 such that [¥] = PD(3=[w]).

Here 5-[w] € H*(V,Z) means Vs € Hy(V,Z), 5= [w € Z. This means that 2= [ w = ¥-S.
Remark 1.2.

e Recall that Gromouv’s h principle builds symplectic submanifolds which are either open
or of codimension > 4.

e IfV is Kahler, then Kodaira gives an embeddingV — CPY and ¥ = VN(hypersurface in (C]P’N).

e Any holomorphic curve in V has nonzero symplectic area, hence has to intersect .
This is the basis of Clieliebak-Mohnke (see Chris Wendl’s talk).

e In dimension 4, the theorem can be used to construct holmorphic curves. Some appli-
cations: studying H* of Hilbert schemes, and showing that M3 x S* symplectic implies
that M fibers over S*.

Theorem 1.3. (Biran, Giroux)
There is a D*-bundle over ¥ whose complement is isotropic.

Some related notions:
e The complement of > is Weinstein.

e One can fully (w.r.t. volume) fill V' by an ellipsoid.

Biran, Cieliebak: symplectic or Lagrangian embeddings

Evans: Nijenhuis energy

Symplectic isotopies and symplectic mapping class groups

Remark 1.4.

e In the theorem, ¥ = s7(0), where s : V. — L¥ is a section (here L* the is k-fold tensor
product of L with itself).



e Donaldson also constructs pairs sy, sy such that B = (s, s2)"%(0,0) is a codimension
4 symplectic submanifold, and

V\B—=CP' 2 [s(x):sy(2)]
1s a Lefshetz pencil.
o After blowing up B, we get a Lefshetz fibration V — CP*.

o Auroux showed that with a third section in dimension 4, V* becomes a branched cover

of CPP?.

o There is also a contact version: Ibort-Martinez-Presas show how to construct contact
submanifolds.

e Giroux-Mohsen show how to construct open book decompositions.
o (Casals-Pancholi-Presas construct contact structures in dimension 5.

e There are applications to rational convexity.

There are also some connections with fields:

e Fuistence of Kahler-Finstein metrics on Fano manifolds
o Statistics in real algebraic geometry

o Yomdin: dynamical systems, entropy

1.1 Line Bundles

Let V' be a smooth manifold, V = Uf\ilUi. Assume each U;, U;; = U; N Uj;, and Uy, =
U;NU; NUy is contractible. Let 7 : L — V be a line smooth. We have trivializations:

7T_1(UZ') o U; x C

7

Uia

with

¢i e} (ﬁ;l : Uij x C — Uij X C, T (SL’,QU(SL’))
Gij - Uij — (C*,



satisfying the “cocycle condtion”:

9ij95i = 1
9ij9jk = YJik-
Conversely, we can use the g;;’s (satisfying the cocycle condition) to build the line bundle L.
If g;j(x) € U(1), we get a Hermitian structure. If L — V and L' — V are two line
bundles with transition functions g;;(z) and gj;(x), the transitions functions for the line

bundle L @ L' — V are given by g;;(z)g;;(x). Note that for s a section of L, we get locally
S; ¢ Uz — C.

Example 1.5. Let V = CP' = CU {0}, with Uy = C, U; = CP'\ {0}. Then the transition
function go1(z) = 2" builds the line bundle O(n) — CP'. One can check that holomorphic
sections of O(n) correspond to degree < n polynomials, and that for such a section s we have
s71(0) = n points.

1.2 Connections
Recall that a connection V is given by V : I'(L) — I'(T*V ® L) such that
V(fs)=df ® s+ fVs.
We say that V is Hermitian if
d(s1,s2) = (Vs1,89) + (s1, Vsa).
Recall that over U; V can be written as
V =d+ A,

where A; is a complex valued 1-form on U;. If V is Hermitian, then A; will be purely
imaginary.

One can compute that on U;;, A, = A; + gi;ldgij, where gigldgij is closed, and hence
dA; = dA;. This means we get a well-defined curvature 2-form F' := dA; on V.

Theorem 1.6. (Chern-Weil)

Let F = —iw be the curvature of a Hermitian line bundle L — V', and let s be a section,
transverse to the zero section, with ¥ = s71(0). Then for Z any 2-cycle transverse to ¥, we
have

Note here that 5-[w] € H*(V,Z).



Proof. Fix € > 0, and set

Ve={ls| = ¢}
Z.=7ZnV.

On V,, % is a well-defined complex valued 1-form satisfying

d (E) = —jw
S

(since locally we have Vs; = ds; + A;s;, hence d (sz> = d(
have

) + dA; = —iw). Then we

(—iw) = lim [ (—iw)
/,

e—0 Z.

= lim d (E)
e—0 Z. S

: Vs
= lim —
e—0 87. S
Note that as € goes to zero, the last integral is supported in an arbitrarily small neighborhood
of ¥ N Z. Therefore it will suffice to evaluate the limit near each point of ¥ N Z. Near such
a point, we can assume there are coordinates in some neighborhood U C U; such that
S(Tl, 91, T, 92, ) = rlewl.

We then have

\Y4
Y5 s lds + Ay = dlogry + idf, + A,
s
Since
=0 Joz.nu
we have
\Y
lim 22 im (dlogri + id6,)
=0 Joz.u S =0 Joz.nu
= +2m.

It follows that we have

/(—z’w) = —2mi(Z - %),

z

as desired O
Remark 1.7. Equivalently, for any ﬁ closed (n — 2)-form,

[wns= /ﬁ



1.3 From Cohomology to Line Bundles

Theorem 1.8. Let w be a closed 2-form on V. If [w/27] € H*(V,Z), then there exists a
line bundle L — V' and a Hermitian connection V on L such that F' = —iw (here F is the
curvature 2-form of V).

Proof. Fix an open covering V = UN,U; and 3; a 1-form on U; such that w = dj; on
U;. We want to find certain g;; : U;; — U(1) satisfying the cocycle condition. On Uy,
d(ﬁz — 63) =W —w = 0, so there exists fij : Uij — R such that dfl] = ﬁz — ﬁj' On Uijk7
we have d(fjx — fix + fi;) = 0, and hence fj; — fix + fij = aijx for some constant a;p.

Claim: [52] € H?*(V,Z) implies that we can choose the f;;’s such that a;;, € Z. We then set

gi; = exp(2mif;;) and A; = —if;. Note that the cocycle condtion for g;; follows from the fact
that a;;, € Z. Moreover, we have

Ay = Ay =i — i = idfy; = g;;'dgsj,

so the A;’s indeed define a connection on the line bundle defined by the g;;’s. Of course,
dA; = —idf; = —iw, as desired.
O

1.4 Back to Donaldson’s Result

Theorem 1.9. (Donaldson 96)

Suppose w is a symplectic form on a closed manifold V', with [w/(2m)] € H*(V,Z) and
L — V is a line bundle having a connection with curvature —iw. Then there exists a sequence
of sections s, € I'(L*) and constants C,5 > 0 such that for k >> 0,

o Vz, [Osp(z)| < C/VE
o Vz, [sp(x)] <0 = |Vsk(z)| > 4.
Remark 1.10.

e The connection ¥V on L gives rise to a connection (also denoted by V) on L* with
curvature multiplied by k.

e The estimates in the theorem are with respect to some fixed compatible almost complex
structure J.

e In our notation, we have
— 1 )
Os = §(Vs +iVsolJ)

1
Os = §(VS —iVsoJ).



e In Girouz’s notation, V's = 0s and V"s = 0s. Some authors also use Vs = 0s and
Vols = 0s.

e On V, we use the metric gx(-,-) = kw(-, J-) when discussing properties of the line
bundle L¥. Note that we’re using pointwise norms.

Of fundamental importance is the following algebraic lemma:

Lemma 1.11. If A: C" — C is R-linear and ||A%|| < ||AY|| (w.r.t the Euclidean metric
on C") then ker A is a codimension 2 symplectic subspace.

Proof. Consider the adjoint map A* : C — C™. Then
(A%1)* = (A% . C — C"
(A = (A0 . C — C™,
where the first map is anti C-linear and the second map is C-linear.
Now set
V= (AN)), 1AM = 1]
V= (AN @), (A= 1]
By hypothesis, [[v'[] # ||v”||. Now let wy denote the standard symplectic form on C", so
wo(A*1, A%i) = wo(v' 4+ 0", iv" — iv")
= [[I]* = [l"||* # 0
It follows that span(A*1, A*i) is a symplectic subspace of C". Then KerA = (ImA*)*+ =
i(ImA*)“0 (here the superscript wy denotes the symplectic orthogonal complement). Thus
ImA* is symplectic, and therefore so is (ImA*)“° and hence KerA. O
Our goal is to build si’s which are
1. asymptotically holomorphic: |0s)k| < C/Vk

2. uniformly transverse to 0: |s| <& = |Vs| > 4.
The outline of the rest of the talks is roughly:

e Marco: build model sections in a Darboux chart. In the model, w and the V are
standard but J is non-integrable. But as k£ — 00, a “zoom effect” kills the effect of the
non-integrability. After proving some estimates, we will thus have lots of examples of
asymptotically holomorphic s;’s.

e Vincent: Choose among these a uniformly transverse sequence admitting a quantitative
version of Sard’s theorem.

e Thomas: Prove the quantitative version of Sard’s theorem modulo some results about
the complexity of semi-algebraic subsets of C" (this will involve some complex analysis).
e Sylvain: Discuss the complexity of real semi-algebraic subsets (this will be geometric).

Note: These notes also include talks discussing applications of these ideas, given by
Jean-Paul Mohsen and Chris Wendl.



2 Peak Sections - Marco Mazzucchelli

2.1 Building Almost Holomorphic Sections

We now describe the recipe for building almost holomorphic sections of
(L8, V) = (V. J),
where V is a connection with curvature —tkw. We consider the local setup:
(Lo=C"xC,|-|,V=d+A) = (C",wy, Jy),

where | - | denotes a Hermitian inner product and A = 37 (2;dz; — Z;dz;), dA = —iw.
Consider the section of Ly given by f : C* — C, f(z) = exp(—|z|?/4). We claim that f is
holomorphic, i.e. V%! f = 0. Indeed,

VO,lf — d071f+A0’1f
= 1
— Ladf o+ tadzy
= 0.

Then

Vf:VI’szaerALOf:—%Edzf,

which we view as a section of (T*C" @ Ly, d ® V := V). Here by definition

V(B®s)=(df) s+ ® (Vs)
for § a section of T*C" and s a section of Ly. For brevity we’ll denote V and its higher
derivative cousins again by V.
Now for r € N we have

V= V”‘l(—%zdzf)

r—

1
_ (T - 1) & (zdz) @ V' f
0 ]

=

1
Sd2Vr! — 5(r —1)dz ® dzV"2f,

N — DN

and therefore |V"f| < P.(|z|)f, where P, is polynomial of degree r (which might change
from line to line).



1/2 |

Now let’s make this section compactly supported. Let £ : [0,00) — [0, 1] be a smooth
function such that S =1 on [0,1/2] and 8 = 0 on [1,00). For k € N, let 8, : C* — R be
given by

Br(2) = B3],

Observe that S f is not a holomorphic section, but almost:

IV"(Be ) < P(lz) f
IV (B f)| = (BB) f + BV f = Bk V3zdzf
VN B f) < KTV S

Now let’s plug this local model into our L* — (V,w, J, g := w(:, J+)). Let ¢ : (B**(R),wp) —
(V,w) be a Darboux chart with ¢g = p € V. Without loss of generality we can assume ¢ is
J-holomorphic at 0, i.e.

d6(0) o Jo = J 0 do(0).
For any fixed 0 < € < 1, we can assume (after shrinking R) that
(1 = &)vfewc < [v]g < (14 €)[v]euc

for any v € TB*"(R).
Now let ¢y (2) == ¢(2/VE):

(B2*(VER) X C,|-|,d+ A) — (L*, h, V)

| |

(B2 (VER),wo) —= (V. kw)

Note that ¢ : (B**(VkR),wy) — (V,kw) is again a symplectomorphism. Here the map
O : B(VER) x C — L*, (2, v0) = (¢1(2),v1) is defined as follows. Let V = d+ B be the
pullback of V to BQ"(\/ER), and let v; be given by parallel transporting vy along the radial
line from 0 to z in B?*(v/kR) using the connection d + B.

Exercise 2.1. gg,’;B = A, and therefore V becomes standard under (Ek

9



Now using 5;“ we can push forward the section S f to a compactly supported section of

L*. Note that for any k € N and v € TB**(vkR) have

(1 =)o < vlkg < (1+ €)J0]

where vk, = \/kg((¢k)+v, (¢r).v). Recall that J = Jy at the origin (pulling back J via ¢y)

and therefore we have

for constants independent of k.
Now we have

VI = L(VF+iVE)
VIV = [V~ VO | = [z o (7 — ) )
(recall that V%! f = 0) and therefore
VIV < ETER(ED
Similarly, we have
V'V Bf] < kTPP(|2)) -

But of course this estimate is still using the Euclidean metric, which we want to replace with
the metric w(-,J+) on V. Also, we want to replace the connection d ® V on T*B?" @ L with
Vic ® V, where V¢ is the Levi-Civita connection. Morally, we should replace P,.(]z|) with
P, (distg(0, 2)).

2.2 More on Peak Sections

Recall the setup: (L*,V) — (V, kw, J, kg), where L is a line bundle with connection V of
curvature —iw inducing a connection V on L* of curvature —ikw. From last time:

Lemma 2.2. For any p € V and k € N large, there is a section s = sy, such that

1. for any R > 0, there exists Cr > 0 such that for k >> 0 we have |s,x(q)] > Cg
provided disty,(p,q) < R

2. |3p,k’ S 1

3. We have

10



IV"s(q)| < Po(distrg(p, q))er(p, q)

V'V s(q)| < —= P (distrg(p, q))ex(p, @)

5 -

where

(.0) exp(—distyy(p, q)?/5) if distiy(p,q)? < k'/3
e 9 = .
kP 0 otherwise.

To build candidate almost holomorphic sections, set

S = E WpSkp

pEA
where Ay, is some suitable finite set of points in V', each w, € C with |w,| < 1.

Lemma 2.3. Fiz ' € N. Then Ay, can be chosen (for k >> 0) to be 1/\/k-dense (i.e.
Upen, By(p, 1/Vk) = V) and such that for any such {w,} and any 0 < r <1, we have

V's| < C,
V'VOis| < C/VE.
In subsequent lectures we’ll show that we can choose {w,} (for kK >> 0) such that
V0% >e>0 on s%(0),
which will imply that s is transverse to the O-section and there |V%!s| < |V!9s].

Proof of Lemma 2.3. For p > 0, suppose A C R is discrete with respect to p, i.e. B(z,p) N
B(y,p) =@ if v,y € A, x # y. Then for any a,b € N\ {0}, there exists C,;,, > 0 such that

> |z = A" exp(=blz = A]) < Capyp
AEA

for any z € R". Here C,;, is independent of our choice of p-discrete A.

Now fix a finite atlas for V, {¢o : Uy — V*'}, with U7 CC U, CC Ua, such that
{6 (U")} covers V and

Sl ] < disty (6 (r), 6u(v)) < 2z —y].

11



Let A}, = \/ﬁ(Z” @ iZ"), and note that A} is ﬁ—dense in C". Set Apo = ¢u(A,NU))
and Ay, = UyApq. Recall that eg(z, \) = 0 if dist,(z, \) > k713, hence if # ¢ ¢, (U,). Now
for x € ¢o(U,), we have

— -1 )2
Z distyy(z, \)"ex(x, N) Z QTkT/2|¢ )\|Texp( klog ' (z) — Al )

AeAk « )\GA, 20
—k[g, (x) — A]?
< 2|k 2 —A a
S 2k o) - A exp (O
AeA],
< const.

3 Quantitative Transversality in Symplectic Geometry
- Jean-Paul Mohsen

For A:V — W a linear map between vector spaces, define
InjA= min ||Az||
z€eV, ||z||=1
SurjA = min ||[Ao A|| = InjA".

AeW ™ [[All=1

Observe that A is injective if and only if InjA # 0, and similarly A is surjective if and only
if SurjA # 0.

The Transversalization Theorem will say that we can perturb an approximately holo-
morphic section of a very positive line bundle L* to make it transverse to the zero section,
with certain estimates. Let (V,w, J, g) be an almost Kahler manifold, L — V' a complex line
bundle with connection V¥ and curvature —iw, and £ — V' a Hermitian vector bundle with
connection V%,

Roughly, we have:

Theorem 3.1. For s an approzimately holomorphic section of L* @ E with k >> 1, there
exist sections si, 5 of L¥ ® E such that

® S =351+ S9
o s; MO with estimates
e 59 is small (in some C” sense).

Remark 3.2. For V; C V compact, we can replace “sy 0 with estimates” with “(s1)y, M0
with estimates”.

Theorem 3.3. For any ¢,C > 0, m € N, there exists 6 > 0 such that, for all kK >> 1 and
s € I(LF @ E) satisfying

12



o |[sllyy < C

o |[Vs|lyy <C

o |[V"sliy < C/VE

o [[V3s|lyy < C

o |IV(V"s)llky < C/VE

there exist s1, 80 € I'(L* ® E) with s = s; + so such that
e For anyp e Vi, 6 < max (||51(p)]|, Surjkg(VS1>TpV1)
o ||Visollry <efor0<i<m
o [|ViV85[g < €/VE for 0<i<m—1.

Proof. The proof of the above theorem involves four steps:
1st step: transversality for real polynomial maps
2nd step: transversality for holomorphic maps
3rd step: local transversality for approximately holomorphic sections
4th step: global transversality for approximately holomorphic sections
We give an outline of the last three steps.
1st step: Let VW be Hermitian vector spaces, F : %BV — By a holomorphic map
between balls, and V; C V a real subspace. Fix € > 0. Then we can find v € W such that

o [[ull <€
e for any z € V; N By, max (||F(z) — vl|, Surj((d.F)v,)) > ¢/(log(1/€))Y

3rd step: We consider the case where £ =V x C" is a trivial bundle over V. Let s be an
approximately holomorphic section of L* ® C" and let y; € V;. Then there exist sections
S1, S9 such that

® S =311+ 8
e for any y € V; with diy(y,y1) < 1, we have max (Hsl(y)H, Surjkg(Vsl)Tyvl) > 1,

® 53 =U® Sy, k, where v € C" with ||v]| < € and where s, ; is a “peak section” of L* at
Y1

o 7 =€/ (log(1/e))N.
4th step: There exists Ay = {y1, ..., Yn, } C Vi such that
o dig(yi,y;) > 1 for any i # j

e for any y € Vj, there exists i such that diy(y,y;) <1

13



o 1y < CEAmVi/2
Now let €1 > €3 > ... > €, > 0. Again take E = C". Consider sections
o 5o => " v;® sy, for some vy, ..., v, € C" with ||v;]| <¢ for 1 <i <y
® 5 =5— 5.
Also, consider sections
55 =21, U @ Sy
o sl=s5—24)
(so sy = s3* and s; = s7*). By Step 3, we can find v; such that
Il <6
o for any y € Vi with di,(y,y;) < 1, we have max (Hs{(y)H, Surj, (Vis1)r,v) = 1e,-

Then we have

Iss @)l = Nlst @)= D [l - sy @),

i=j+1
where
N Nk
D Ml sl < Y eCexp (=diy(y, v:)/2)
i=j+1 i=j+1

and we have a similar estimate for Surj,,(Vsi)z,1;. Then

Nk

max (|[s1()]], Surjyy(Vsi)r,u) =1, — Y &iCexp (—diy(y,v:)/2) =: ]
i=j+1

Question: Can we choose €; > €2 > ... > ¢, > 0 such that minn; > n > 0 (where 7 is
independent of k)?
Answer: No, unless we reorder the points of Aj!
The idea is to permute the y;’s such that for any i # j, either |i — j| is “large enough” or
else dyy(yi,y;) is “large enough”.
m

14



4 Global Theory Modulo Quantitative Sard’s Theorem
- Vincent Humiliere

In this lecture we discuss the global construction of Donaldson hypersurfaces. Recall that
Marco showed how to construct a finite subset

Ak = {plv ’pnk} cV

with the following property. For for any w = (wy, ..., wy,,) with |w;| for 1 < j < ny, let
Sw = D5 Wjskp,. Then there exists some C' > 0 such that for any & >> 0 and any such
w, we have

IV9's,| < C/VE.
Our goal now is to prove the following:

Proposition 4.1. There exists € > 0 such that for any k >> 0, there exists w such that

Vs, > € on  s,1(0).

w
Theorem 4.2. For any k >> 0, there exists a section s : V — LF such that

VO] < [VY%|  on  s7Y(0).

4.1 Coloring and Strategy

Lemma 4.3. For any D > 0, there exists N(D) = O(D?*") such that, for k >> 0, Ay can
be chosen as before with:

o Ay is 1-dense with respect to dy, = dp,
L4 ZpGAk dk(p7 ')Tek(p7 ) S C
o Ay admits a partition Ay = I¥U ..U I]’f,(D) such that for any p,q € 1., d(p,q) > D.

Proof. As before, we have a finite atlas for V', {¢3 : Us — V?*"} and open sets Ug CC U CC
U, and Ay, was constructed such that

1
7" +i7m).
V2nk ( )
Observe that (Z" +4iZ")/L(Z" 4+ iZ"), for L € N, gives a partition of (Z™ + iZ™) such that
two elements in the same class are a distance at least L apart. Pushing this forward to V,
for L large enough we get a partition of Ay N Uj such that two elements in the same class
are a distance at least D apart. We take the union over g of all these partitions. O]

15



Our strategy will be as follows. Fix D > 0 and start with an arbitrary w,. We inductively
adjust the coefficients of w, of color o € {1,..., N(D)} to get some w,. At each step, the
change of coefficients

e gives some “controlled transversality” on all d; 1-balls of color «

e does not kill the controlled transversality previously obtained on balls of color less than
a.

More precisely, for any o we will find € > 0 such that

Vs, | >a on s,'(0)N Yiers,g<a Bis

Wy

where B; denotes the dj ball of radius 1 centered at p;.

4.2 Controlled Transversality

Definition 4.4. Consider a map f : U C C* — C and a compler number w € C. We say
f is “n-transverse” to w if for any z € U such that |f(z) — w| < n we have |0f(2)| > n.

Remark 4.5. o [f f is holomorphic, f is transverse to w if and only if f is n-transverse
to w for some n > 0.

o If f is m-transverse then it is also 1 transverse for any n' <n.

o [f [ is n-transverse and ||f — g||cx < & <n, then g is (n — §)- transverse.

We are now almost ready to state our version of the Quantitative Sard’s Lemma. Let
e A=RB(0,11/10) c C"

e AT =D(0,22/10) x ... x D(0,22/10) Cc C"

o y(t)=(—logt)™ peN, t>0

Theorem 4.6. (Donaldson) There exists p € N such that for any 6 € (0,1/4), any o <
5Q,(0) and any f : AT — C such that ||f||co < 1 and ||0f]||cr < o, there exists w € C
with ||w|| < 0 such that f is §Q,(0)-transverse to w on A. Moreover, w can be chosen in
any quadrant of C (here by quadrant we mean any rotation of the standard first quadrant by
some angle).

Remark 4.7. e For [ holomorphic, if ||f|lco < 1, there exists w with ||w|| < 0 such
that f is 0Q,(0)-transverse to w.

o For fized t, Q,(t) decreases with p (ift < 1/e) so if p works, then p+ 1 also works.

16



Recall that for any p; € Ay we have Darboux charts gb’;i which are approximate isometries
Let

B; = By, (pi; 1) C ¢k (A) C ¢ (AT).
Then
sw = (fio (ﬁb;)_l)sk,pi
on ¢F (A") defines f;*: AT — C.

Definition 4.8. We say s is n-transverse if all f;’s are n-transverse to 0.

4.3 Estimates for the f;’s

Lemma 4.9. There exists C' > 0 such that for any k >> 0 and any w, we have
L Alfflervan < C.
2. 10fllera+ < C/VE.
3. If|0f#] > € on f71(0) N A, then [V'0s,| > €/C on s,'(0) N B;.

If w' coincides with w except on I¥ and such that |w; — w)| < &, then we have

4. For any p; € Ay, ||fi* — fz‘w/HCl(A*) < 9.

5. For any p; € Ay, if w; = w) then || f{* — fingcl(AwL) < Cdexp(—D?/5).

Proof idea. There exists R > 0, for any k >> 0, with ¢} (A") C By, (p;, R), and there exists
Cr such that [sgp,| > Cr > 0 on ¢f (A™) (this was proven in Marco’s lecture).

1. We have s,0¢ = f;+(Skp,00:), with | fi| = |swodi|/|skp, 00 < Cfor ¢ := ¢ : AT =V
Then

Vsw =d(fio ;") @ sy, + (fi 0 &7 ) Vi,
with

ld(fi o &I < [Vsul/Isp] + (1fi 0 & DI Ve,

and hence ||df;|| < C since ¢; is an approximate isometry.

<0,

/|Sk7pi

2. We have

55& = 5(]‘2 o ¢;1) & Skp; T (fio ¢;1)55k7m
0(fi0 0 1) < C/VE

hence |0f;| < C/Vk.

17



3. We have s, = O(f; 0 ;') ® spp, + (fi 0 ¢; )0y, with f;0 ¢ =0 on s5,'(0), so

0w = |skp|lO(fi 0 67 1)] > (CR) ().
4. We have s, = (fi* — fiﬂ,)skypi hence since |underlinew — w'| < §, by (1) we have
1f7 = £ [l < .
5. For any p; € I¥\ {p;} with dx(p;,p;) > D, we have
[I5k.p, ]| < C'exp(—D?/5),
and therefore

||Sw—w|| < C6exp(—D?/5)
1£2 = f2)| < C exp(—D2/5).

4.4 Induction on Colors

The present goal is to inductively construct a sequence w, such that for any o there exists
Ne > 0 such that s, is n,-transverse on

Va - UiEIlg, BSCVBZ

Proposition 4.10. There erists 0 < p < 1 and p € N such that if sy, is n-transverse on
Vo, with n, < p, and if
1. 1/\/E < Na@p(7a)

2. exp(—D?/5) < Qp(Ma)

then there exists way1 such that sy, ., S Nag1-transverse (on Voi1) with Nas1 = 1aQp(1a)

(recall that Q,(t) = (—logt)™?).
Proof. We have f& : AT — C with

|/l coary < C
10f|cran) < C/VE.

Applying Sard’s theorem to é [ for i € I¥ |, there exists py such that for any 6, k& with

5 e (0,1/4) (1)
1/VE < 6Qy,(6), (2)

18



there exists v; € C with |v;| < d, where C™ f# is 6Q,, (0)-transverse to v; on A.

Wai1; — Cv; ifjelk

Set wapr; =4 M i B a+l
Wa,j otherwise

If
e8] < 1, (3)

we can use the quadrant condition to ensure that w, ; — Cv; actually lies in the unit disk.
Now we need estimates on s,,,, on each B;, 1 € Ig, B < a+ 1. Let i € Iz for B < .

Then s,, is 7o-transverse (on V,,) and for any j, [waq1,; — wa ;| < C6. By the fourth part of
the lemma, we have

| fH = filleran < C?s,

hence sy, ,, is 7, — C?¢ transverse. Note that this is relevent only if C?§ < 1,.
Now let i € I,,1. Introduce an auxiliary w’ defined by

We if j #i
w;:{ J J#

Wq,; — Cv;  otherwise
Compare s, and sy
Swo—w! = CiSkp; »
so fl — ff = —C;, hence

& is C6Q,(0) — transverse to Cu;

)

fiis CdQy,(0) — transverse to 0.

Now compare s,y with s, ,. Observe that w' and w,; coincide except on In4q \ {i}.
By the fifth part of the lemma, we get

124 = fillera+y < Cdexp(—D?/5)
and so T is C8Q,, (8) — C6 exp(—D?/5)-transverse to 0. This is relevant only if
exp(—D?/5) < Q,,(6). (4)

Now we choose § (and the other parameters). Let p be small enough that

Ta .
507 < min(1/2,1/C)
and let 0 = 3%. Then (1),(2), and (4) are satisfied.
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Now we consider p = py + 1. Since Q,(t) — 0 as t — 0, for p small enough we have
Qpo(8) >> Qp(1). Then

(A) YVE<1.Qp(12) = (2) (since 1/VE < 6Q,,(9))
(B) exp(=D?/5) < Qp(11a) = Qpy(0) >> exp(—D?/5).

Since C6Q,,(8) — CSexp(—D?/5) = C6Qpy(0) > 1aQp(Na) = Nar1, fET 18 Nari-transverse
for and i € I,,;. Using condition (2), for any i € Iz with 3 < a, f** is (5, — C?6)-
transverse. Here 1, — C?0 = 1,(1 — 1/2) = (1/2)14 > 1aQ,(n.) for p small enough because
Qp(t) > 0ast—0. O

Now that we have proven the proposition, we need to show that we can apply it repeatedly,
each time getting conditions (A) and (B).

Exercise 4.11. Let p > 0, (Na)aens Nat1 = Na +plog(n.). Then for any q > p, there exists
B €N such that n, < q(a+ B)log(a + 5).

Assuming the exercise, let 79 = p (as given by the proposition) and set 7,41 = 7aQp(1a)-
Applying the exercise to —log(n,), we get

@) = ma" 2 (q(a+ B) log(a + B))P - (alog ar)p
C
= (N(D)log N(D))?
> _1
= D2nptl

> exp(—D?/5)

(N(D) = O(D?)). So (B) is satisfied at any step for D large enough. Condition (A)
(1/VE < 1aQp(na)) is satisfied for k& >> 0 for any « (recall that there are a finite number
of colors).

5 Quantitative Sard’s Theorem Modulo Yomdim’s Re-
sults - Thomas Letendre

First some notation:

A={zeC"||z| £11/10}
AT ={z€C"||z| <22/10V j}.

For o > 0 let

HU = {f : AJF — C smooth ’ HfHCO(A"') S 1, HngCl(A-&-) S (7}.
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For p € N and n > 0,

A0 = (r77)

p
Note that for n < 1/4, @,(n) < <10g1(4)> :

Definition 5.1. A smooth function f: U — C is called n-transverse to w € C over U if for
any z € U such that |f(z) —w| <n, we have |0, f| > .

Theorem 5.2. (Donaldson) There is some p € N depending only on the dimension n such
that for anyn € (0,1/4), o € (0,7Q,(n)), and f € H,, there exists w € C with |w| < n such
that f is nQ,(n)-tranverse to w over A. Moreover, we can assume Re(w), Im(w) > 0 (in
fact we can pick w is any quadrant).

Here is the outline:

1. Approximate holomorphic functions by polynomials
2. Prove the theorem for holomorphic functions
3. Prove the general case (modulo Hormander’s methods)
4. Hormander’s methods
1) We begin with

Lemma 5.3. Let f : A* — C be a holomorphic function such that ||f||coa+y < 1. There
exists C' > 0 such that for any 0 < e < 1/2, there exists a polynomial g of degree at most
Clog(e™) such that ||f — gl|cr(a) < €.

Proof. Let I' = {z € C" | |z;| =22/10V j}. For any z € A, Cauchy’s formula gives
1
1) = e [ e e,
r

(2mi)n wy — 21)..-(Wy, — 2p)

f(z) = Zail---inzil"'zzzl

A 1 (/ flw) -

(2mi)™ Jp wit T win+l

with

For s € N, let g, = Zij<s iy, 2.2, For z € A, we have

f(z) —gs(z) = Z ailminz{'l...z;"

dj st i;>s
o L Y () () w
(2m8)"™ Jp wy..w, S T W Wy,
1

) fw) o
—(2mi)n le...wnEz( Jdw,
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. (Z—"yn We have

where Ez(w) = Zﬂj st i;>s ({%) Wn
[£(2) = 95(2)] < | flleoan I Ballooqy < [1Exllooqy

11
|E.(w)| < > TR

1.0 st 35 st 1;>s
1 1
i1€N in>S
< nznfsfl
and therefore

I1f = gsl|coay < m2" 57

Similarly,
0 B 1 f(w) 0
o7 =900 = | [ (B ()i
<(s+n+ 1)2”_5_1
Hazj o)
2
107 = 9lfscsy = 3 [t~ 2
j J CO(A)
SO

Ha(f - gS)HCO(A) < \/ﬁ(s +n 4 1)27173—1.

Then for some C, A, we have ||f — g,|/c1(a) < Ce™*
Now let 0 < e < 1/2. Observe that Ce ™ < € is equivalent to s > M. Define

Llogw)ﬂog(e*l)J
A

g := g, for s = + 1. Then g is a polynomial with deg(s) < ns. Note that

deg(g) <n (M + 1) < C'log(e™t). O
2) Now we prove the theorem for holomorphic functions. Let f : AT — C be a holomorphic
function such that || f||coa+) <1 and 0 < e < 1/4. Let

ST ={zec A|]0.f| <€}

Note that f is e-transverse to w € C over A if and only if w € Ny, (the e-neighborhood
of f(S7)). Let g be the polynomial given by the lemma, so d = deg(g) < C'log(e!) and
I1f = gllera) < e Let

S9={z€ A||0.g] <2}
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and let N, be the e-neighborhood of g(59). Then S¥ C 59 (since ||f — g|lci(a) < €) and
f(ST) C f(59) C Ny (since ||f — gl|coa) < €) and thus Ny, C Ny o..

Complexity of semi-algebraic sets:

Let P: R™ — R be a polynomial and let
Sp={r eR" [|lz[| <1, P(x) <1}
and for 6 > 0,
Sp(0) = {z e R" [ [|z]| <1, [P(z)| <1+ 6}.

Theorem 5.4. (Yomdin, Gromov, Donaldson, Mohsen)
There exists constants C,V depending only on n such that for any P, there exists ar-
bitarily small 0 > 0 such that S may decomposed into A pieces:

Sp=5U..US4

and any two points in the same S; can be joined by a path of length at most L in S,(0) with
AL < CdV where d = deg(P).

Proof. Set

0.9
e

2
S9={zeA| <1} =S5,.

Take 6 as given by the theorem: A, L < Cdeg(P)" = C(2(d—1))" and S9 = S; U...U S4.
For any 21,22 € S;, |g(21) —g(22)| < 2eL and 21, 2 can be joined by a path of length at most
L in S,(#). Moreover, g(SY) can be covered by A disks of radius at most 2eL.

Now N, o, is contained in a union of A disks of radius at most 2¢(L + 1), hence its area
is at most Am(2¢(L + 1))2. Let

Q, ={w e C||w| < pand Re(w) >0, Im(w) > 0}.

If imp? < Am(2¢(L +1))2, ie. p > VA(4e(L + 1)), there is w € ©, \ Ny such that f is
e-tranverse to w over A. Choose py = 4v/Ae(L + 1) + e. Then there exists

w € Q:={w € C|Re(w) >0, Im(w) > 0}

such that |w| < po and f is e-tranverse to w over A.
Since A,L < C(2(d — 1))?, we have p < eP(d) for P a polynomial and d < C"log(e™!).
Thus

po < eP(log(e™"))
< C"elog(e )P

for some p € N and P a polynomial. Here C” and P depend only on n. O
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Let h,(e) = Celog(e 1)?.

Exercise 5.5. h,(¢) — 0 as € — 0, and h, : (0,6 ?) — (0,h,(e7P)) is strictly increasing
(hence invertible).

Up to increasing p, hy(e7?) > 1/4. Let 0 < n < 1/4, € = h;'(n). There exists w € Q
with |w| < h,(e) = 1 and e-transverse to w. We have

log(e™!) ’
= C < 2eC
120 = O ey g~ <%
if n < no.
Then for n < ny, %c(n) <eso fis %én)—tranverse to w. Increasing p again, we can

e lift the condition n < g
e crase 1/(2C).

For all 0 < n < 1/4, there exists w € Q such that (for the new p) |w| < n, f is nQ,(n)-
tranvserse to w over A,

3) The General Case:
Let 0 <n<1/4,0>0, f € Hy,and 3/4 < 1" < 1.

Theorem 5.6. (Hormander) For any (smooth) (0,1)-form g over A™ such that dg = 0,
there exists u : A* — C' (smooth) such that Ou = g and ||u|r2(va+) < K||9]|r2(a+), with K
depending only on r'.

Applying this to g = 9f, we get a smooth function u with du = df and ||u||p2(a+) <
K||0f]|12(a+) Let f := f — u and note that f is holomorphic. Let 3/4 < r < 1 and
e = (1" —r)/2. Let B.(z) be the ball in C™ with center z and radius e. We have the following
analytic lemma (we omit the proof):

Lemma 5.7. For any z € rA", |u(2)| < C(||ullr2s.(2)) + [|10f]|coB.(2))), with C depending
only on €.

Therefore we have

ullcograry < Clullzzpra+y + [[0f]lcoa+))
< C'|Of|coat)

(since [|ul[r2rat) < K||0f||r2(a+))- By a similar computation, we have

||dul|copaty < C([|0f]|coa+y + ||dOf]|coa+))
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hence

1 = Ffllereary = lullereasy
< C([|0fllcoa+) + 1dOfl|coa+))
<Co
(recall that f € H,). Set ' = 5. A
Now there exists w € € such that |w| <7’ and H% is 7'Q,(n')-tranverse to w over A.

Let w' := (1 4+ Co)w, w € Q, |w'| < n and fis (1 + Co)nQy(n')-transverse to w’ over A.
Note that (14 Co)n'Q,(n") > nQy(n) for some p’ > p.

~

So up to increasing p, f is nQ),(n)-transverse to w’ over A. Since ||f—f| lc1paty < Co, we

have that f is (nQp,(n) — Co)-tranverse to w’ over A. If o < 5=1Q,(n), f is 7762’2’(77)—t1"anve1"se

to w over A. Increasing p again, f is n@,(n)-tranverse to w over A and this is true for any

o< 77Qp<77)-

4) Hormander’s L? methods:

Let ¢ : AT — R be continuous, and let

) = {7 8" 5| [ IfPe <)
AT
L?O,q)(qb) = {(0, q) — forms on A" with coefficients in L*(¢)}.

We write a typical element of the latter set as w = ) wrdz;.

Hilbert spaces: Define an inner product on L?07q)(gz5)_by (WMo = D i1j=g 2on+ wrmre?.
Fix ¢1, ¢o, 03 : AT — C continuous functions. Then 9 defines a closed, densely defined
operator T': L*(¢1) — L{, ;) (42). Let

Dr={ue L*(¢)|du e L%0,1)(¢2)}'

For any v € Dr, Tu z_gu. Then Dy is dense because C2°(A*) C Dp. T is closed (has a
closed graph) because 0 is continuous in the distribution sense: u,, = u = Ju,, — du. We
cna define 7% : L7, |y (¢2) — L?(¢1). Let

Dr. ={v e L%o,1)(¢2) | 3C, such that Yu € Dp, |(v,Tu)g, | < Cvl|ul|s, }-

For v € Dp+, one can extend (T, v)4, continuously to L?(¢;), hence there exists T*v € L?(¢)
such that for any v € Dr, (Tu,v), = (U, T*0) 4, .
Facts:

e For any u € Dy, v € D+, we have (T'u,v)y, = (u, T* ), .
o T™ is closed.

 Dr« is dense in L, ) (¢2).
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e Im(T)* C Ker(T*).
Proposition 5.8. Let F' be closed subspace of L%O,l)(gbg) such that Im(T) C F. Then F =
Im(T) if and only if for any f € F N Dy« we have

flles < CUT™ fllg,)-

Proof. It F =1Im(T), B={f € FNODp | ||T*fl||ls, <1}, for any v € F take u such that
Tu =wv. For any f € B, we have

(v, O] = [{Tu, )] = [{w, T )] < [lullg,-

Then for any v € F', sup ;g [{v, f)| < oo. Thus sup . ||(-, f)|| < oo (by Banach-Steinhaus).
Since ||(, £)|| = ||f]l4,, B must be bounded by some C, so for any f € Dp« N F, ||f||4, <
ClIT* fllr-

Conversely, assume that for any f € F'N Dp«, we have ||f||5, < C||T*f]||s,. Let g € F.
We claim that for any f € Dz« (g, /)| < Cllgllox/|T* flls, if f € F+ C (ImT)*+ C KerT*. If
f € F N Dp«, we have

{9, /)] < Nlgllsall fllsr < Cllgllanl T fll61-

We have a well-defined Lipschitz map T*f — (g, f)¢,, Im(T*) — C. Extend this to 3 :
L*(¢1) — C with ||8]] < C/|gl|g, (this is possible by Hahn-Banach). Take u € L*(¢;) such
that 8 = (-,u). Then ||ulls, = ||Bl| < C||glls, and for any f € Dp-, (u,T*f) = (g, f). For
any f € Dy« = Dp and f € Dy, (Tu, f) = (g, f). Since Dp- is dense, this implies that
g ="Tu and ||ul| < C||g]]- O

Now define S : L%O,l)(QSQ) — L%O’2)(¢3) as S = 0. To prove Hormander’s theorem, we need
to show:

3 ¢ such that Vf € Dp- NKerS, || fl|s, < ClIT fl]4,
3 esuch that Vf € Dr- 0 D, [|fllg, < C([T"fllor + [[Sf1]45)-

Fact (without proof):
There exist C' > 0, ¢1, ¢a, ¢p3 : AT — R (smooth) such that

1.0:¢1:¢)2:¢3OHT1A+
2. 032 g2 > 1

Applying the proposition: for any g € L%O’l)(gbg) such that dg = 0, there exists u € L?(¢)

such that du = g and ||uls, < C||9]]4,-
Fact: If ¢ is smooth then u is also smooth.
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Then g € W* implies that « € W**!, and ¢ smooth implies that v € W* for all s, so by
Sobolev’s lemma w is in fact smooth.
Finally, we want a bound for n:

[ / ul? = / uffe < C2|g|12, < Klgl Zaa,
r' A+ r’ At

6 Quantitative Transversality in Symplectic Geometry
II - Jean-Paul Mohsen

We discuss applications of Donaldson’s techniques to
1. symplectic manifolds
2. symplectic submanifolds and real hypersurfaces
3. contact manifolds (Ibort, Martinez, Presas)
4. symplectic isotopies (Auroux).

Let V,W be Hermitian vector spaces and A : V. — W a C-linear map. For A just
linear over R, we can write A = A"+ A”. Then ||A”|| < SurjA implies that KerA is an
“approximately complex subspace”.

Recall that

SurjA = min [|Ao Al
[IAl|=1, A R—linear functional on W

Proposition 6.1. For any € > 0, there exists n > 0 such that ||A”|| < nSurjA implies that,
for any v € KerA with ||v|| = 1, there exists w € KerA with d(iv,w) < e.

Proof. Let
E={p e V* with pilxea =0} ={u=Xo A| X € W*}.
For v € KerA, we have
A(iv) = iA'v —iA"v = —2iA"v.
Then

|[u(iv)| = [M(A(iv))] = 2[A(iA V)|
< 2[[A[| [JA"|] < 2n[|A[SurjA
< 2n|[A o A]|
= ¢€l||u|| for e=2n.
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But then

min d(w,w) = ||ve|| = ma w)|,
S (v, w) = loall = _max  |u(v)]
where v = (vy,v) € KerA @ Ker A*. O

We have the following corollary:

Theorem 6.2. Let s be a section of the Hermitian vector bundle L* @ E, and let ¥ = s71(0).
Then

|V”s|| << Surj Vs =X 1is a symplectic submanifold.

Now let H C V be a real hyperplane. Recall that the Levi compler hyperplane is given
by HNiH.

Proposition 6.3. 1. If A is C-linear, we have Surj Alg = Surj Al grin -
2. If A is R-linear, then Surj Alg — 2||A”|| < Surj Algrin < Surj Alg.

Proof. 1. Let A : W — R with [|[A|| = 1 such that ||A o Agrin|| = SurjAgnig. Write
H = Rx + H NiH. Observe that there exists 6 such that A(e?Az) = 0. Then let
No(w) = A(ew). We have

SurjApgnin < SurjAy (since HNiH C H)
< |[Ago Al
= HAGOAHHZ'HH
= ||\ o Apnin|| (since A is C — linear)

= Surj Apnin-

2. We have

Surj Agrig > Surj Ay~ — ||A”]| (by the Lipschitz property of Surj)
= Surj A'|g — ||A”]]
> Surj Ay — 2||A"]].

]

Theorem 6.4. Let sy be an approzimately holomorphic section of L* @ E and Vi a subman-
ifold. Then there exists s =~ sy such that for any p € Vi, we have

n < maX(HsH, Surjgk (VS>TV1)'

Theorem 6.5. Assume now that Vi is a real hypersurface. With the same sy and s as above,
we also have

n/2 < max(]|s|[, Surj, (Vs)rvinirv:)-
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Proof. We have

surj,, (Vs)rvinirv, > Surj,, (Vs)ry, — 2[|V7s||

> Surj(Vs)ry, —2C/ Vk (since s is approximately holomorphic)
> Surj(Vs)ry, —n/2 (since k >> 1).

Contact theory:

Let (V,w = day ) be an exact symplectic manifold and let V; C V' be a real hypersurface.
We call V; contact if oy restricts to a contact form on V;. We assert that there exists an
w-compatible almost complex structure J on V such that ¢ = Kera is a complex subspace.

Theorem 6.6. Let sy be an appromaiately holomorphic section of L*¥ @ E and let s denote
its restriction to Vi. Let ¥ = s71(0) C V1. Suppose that for any p € X1, ||[V'sy|| <<
Surj(V(s))e (which can be achieved by the above). Then ¥y is a contact submanifold (in Vi)
of codimension 2ranke(E).

Isotopy properties:

Consider the following data:

[ J (X,(,UX), (Y,O.Jy>, (X X Y,CL)X @CA)Y)

Lx complex line bundle with curvature —iwy

Ly complex line bundle with curvature —iwy

Ex Hermitian vector bundle

L = Ly ® Ly complex line bundle with curvature —i(wx @ wy)
e sy section of Lk @ Ex

e sy section of L¥

e sy ® sy section of LF @ E,.

Theorem 6.7. With the usual symplectic data V,w, J, g, L, let s1,S2 be approximately holo-
morphic sections of L* ® E which are n-transverse to 0. Then there exists an isotopy (8¢)te,2]
such that for any t:

e s, is approximately holomorphic

® s, is my-tranverse to 0.
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Proof. Let Vo =V x C and V3 =V x [1,2]. Then TVs = TV x R and the Levi direcitons
are given by TV ® {0}. Let s = 51 ® 55,1 + 52 @ sp2. The transversality theorem gives o ~ s,
where o is n-transverse to 0. Along p € V3, we have

max(||o|], Surjgk<VU)TV®{o}) =M,
so we get a family
S§1 —>» 01 —> 0 —> 092 — S2,

where the extrapolation between s; and oy can just be taken as (1 —t)s; + toy, again by the
Lipschitz property of Surj. O

7 Yomdim’s Theory - Sylvain Courte

Let P € P; = {P: B™ — R polynomial of deg < d, | 1 is a regular value of P and P|gm-1}.
Let ¥ = {P = 1}. Our goal is to bound the complexity of ¢ in terms of d. Here by complexity
we mean:

e the number of connected components (c.c.)
e the diameter of connected components in the “path-length” metric.

Theorem 7.1. (Yomdin, Donaldson, Gromov) There are constants C and v (depending only
on m) such that for any P € P} and ¥ = {P = 1}, we have

o #c.c(X) < Cd¥
e diam(c.c.(X)) < Cd".

Notation: We will call a quantity assigned to P € P; p-bounded if it satisfies such a
bound as above. Also, a set is p-bounded is #c.c. and diam(c.c.) are p-bounded.

Remark 7.2. 1. If a set if covered by a p-bounded number of (connected) sets of p-
bounded diameter, then it is p-bounded.

2. Q={P <1} is also p-bounded.

Proof. Let {3;} denote the connected components of ¥, and let Q; = {z € Q | do(z,%;) < 2}.
We claim that Q = U2; and diam(£2;) < 2 + diam¥; + 2, so € is p-bounded by 1). O

Application of the theorem: Let € > 0 and let g be a complex polynomial of degree =

—Ine, with g : B> € C" — C. Then for P = 1% (a real polynomial) we consider

€

= {P < 1} = the set of € — critical points

g(92) = the set of € — critical values
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and we have

#c.c.(Q)
diam c.c.(92)

(—Ine)”

<C
< C(—Ine)".

By the mean value theorem, we have

area(g(Q)) < C(—=Ine)’C(—Ine)’e® = 0 ase — 0.
Proof of theorem. We use induction on m.
m = 1: ¥ consists of a most d points.

m = 2: Let E' C [—1, 1] be the set of exceptional values for ¢, where we view P as a function
of z and t:

E={P=1,22+t*=1}u{P=1, %—fzo}.

By Bezout’s theorem, we have |F| < 2d 4+ d(d — 1). So we’ve covered ¥ by a p-bounded
number of sets. As for their diameters, we will use Crofton’s formula:

Theorem 7.3. For C a curve in R™, we have
/ #(C N P)IP = K - length(C),
AGr(m—1,m)

where AGr(m — 1,m) denotes the affine Grassmannian of hyperplanes.

The application of Crofton’s formula is as follows. For C' an algebraic curve of degree
d in B™, for almost every P we have #(C N P) < d, so length(C) < d. Thus for m = 2,
Crofton’s formula implies that C' = 3 has p-bounded length.

m—1=m:

Let R™ = R x R™ 2 x R, with respective coordinates ¢, 3;, z, where we think of 2 as
the “height function”. Let 7 : ¥ — [—1, 1] be the projection onto the ¢ coordinate and let
Y= 7T_1<t>. Let

P
C={P=1, g—y = 0} = U;Crit(z|y,)

(note that this is a “curve”).
We will need to arrange some general position conditions:

1. (£1,0,0) ¢ &
2. C'is a smooth curve intersecting S™~! transversally

3. for all but finitely many ¢, 3, is smooth and tranverse to ™!
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4. for all but finitely many ¢, z|y, is Morse.

Let E = {"accidental parameters” ¢} U {£1}.

Lemma 7.4. For any d, there exists an open and dense subset P;* C Py such that (1),(2),(3),(4)
are satisfied and E is p-bounded.

Restricting to P € P;*, [-1,1]\ E = UJjs is a union of open intervals. Let X5 = 7~ *(Jp).
By induction, X3 has a p-bounded number of connected components.

As for diameter, obesrve that there are two kinds of components of ¥5. Let {33} be the
connected components. The either:
i) E% does not meet S™7!. Let x1,29 € E% correspond to ¢, and ty. Then d(z1,15) <
diam(X5%, t1) + length(C') 4 diam(X}, t2). The first and third terms are p-bounded by induc-
tion, while the second term is p-bounded by Crofton’s formula.

ii) 3} touches S™~'. Then similarly, ¥ N S™! is p-bounded by induction.

Now let X* = UX5 = X\ 7 '(FE). Then ¥* is covered by a p-bounded number of sets of
p-bounded diameter. X* is dense in 3, so X = UmEg, hence diamZ% is p-bounded, which
implies the result. O

Now to tie the remaining loose ends, how do we go from P;* to P;? We have that for

any P € Py, #c.c.(¥) < Cd” and diam(c.c.(X)) < Cd”. We claim:
1. #c.c.(X) is locally constant on Pj (this is an artifact of the conditions on )

2. diame.c.(X) is smooth in Pj.

Crofton’s formula:

We claim that Gr(m — k,m) has a unique O(m)-invariant probability measure. We can
then use the fibration AGr(m — k,m) — Gr(m — k,m) with fiber R* to get a measure on
AGr(m — k,m).

Now we have

Theorem 7.5. There exists c(k,m) such that for any X* submanifold of R™, we have

/ #(X N P)IP = c(k, m)vol,(X).
Agr(m—k,m)
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Proof. We have

/ 4(X N P)dP = / L(X A (P +0))dvdP
Agr(m—k,m) PeGr(m—k,m) JvePt

//#w v)dvdP (7, : X — PT)

:// |Jac dmy(z)|dxdP
pJx
://|Jac dmy(z)|dPdx
xJp
:c(k,m)/ dx
b

= ¢(k,m)vol(X),

where we have used the change of variables formula, Fubini’s theorem, and we have noted
that [, [Jacdm,(x)|dP is independent of x. O

8 Transversality in Gromov-Witten Theory - Chris Wendl

References:

Cieliebak-Mohnke 07 - genus 0 case

Tonel-Parker 13

A. Gerstenberg, A. Krestienchine - PhD theses to appear

The MathSciNet review of Cieliebak-Mohnke by Usher.

8.1 The Problem (in Genus 0)

To a symplectic manifold (V2" w) we want to associate Gromov-Witten invariants GWéXY’:’A :
H*(V,Q)®™ — Q for m > 0 and A € Hy(V'), which requires an associated almost complex
structure J which is w-tame. Morally, this invariant counts “the number of J-holomorphic
spheres u : S? — V homologous to A with m marked points 21, ..., 2,, € S? such that for
j =1, ..., m, there exists u(z;) a submanifold Poincare dual to «;. Here GWé};’ﬂ(al, ey O)
“equals”

/ ) eviog U...Uev) apm,
MO,m(VVJ)

where

Mg (Vo J) ={(u:S* =V, 2= (21,..., 2m) € (S%)™ (distinct points) |
Ou = 0, [u] = A}/biholomorphic reparametrization.
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Figure 2: In order for the last degeneration to be stable, the homology classes must satisfy

A17A2 # 0.

Then for j = 1,...,m we have evaluation maps ev; : M, (V,J) — V. Using the Fredholme
index, we can compute the virtual dimension over R of M, (V,J) to be 2(n—3)+2¢1(A4) +
2m.

Here MOA’m(V, J) is the set of stable nodal J-holomorphic curves, where “stable” means
that for each constant component, we have

# marked points 4+ # nodes > 3.

Setting OM = M \ M, we have
OM = U strata with virtual dimension < vir. dim M — 2.

If (*) all moduli spaces are smooth (manifolds or orbifolds) of dim = virtual dim (really

we want the linearized Cauchy-Riemann operators to be surjective) then ev : ﬂém(‘/, J) —
V™ is a (rational) “pseudocycle”) (c.f. McDuff-Salamon).

The Problem: (*) is almost never satisfied...

Perturbing J generically makes M smooth only near simple curves (i.e. not multiply
covered); it fails if there is symmetry. -

8.2 Part of the Solution (“If You’re Not Part of the Solution
You’re Part of the Problem”)

If m > 3, then
MG (V. T) =2 {(u: S* =V, (0,1,00, 24, ..., ) | Dgu =0, [u] = A}.
Idea: replace J(p € V) with J(z € S?,p € V) (generic). Then
du(z) + J(z,u(2)) o du(z) o i = 0,
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hence M&m)(v, J) is a smooth manifold of dim = vir. dim. This helps with the multiple
covering transversality, but there’s still a drawback: when bubbling occurs, a bubble may
correspond to a single point in the domain but could still be multipy covered, in which case
transversality still fails.

Idea (Ruan / McDuff-Salamon): Assume (V,w) is semipositive, i.e. for any A € m(V), if
w(A) > 0and ¢;(A) > 3—n, then ¢;(A) > 0. Now codimdM > 2, hence the Gromov Witten
invariants are actualy Z-valued. Note that this condition does not rule out multiple-covering
in bubbles, but they are ruled out for index reasons.

8.3 A Fantasy of a Solution (for the Non-Semipositive Case)
We have a forgetful map

T M;‘fm(\/p J) = /Qo,m = {nodal Riemann sphere with m marked points}.

Idea: Let J depend on points p =u(z) € V, w(u) =: X, € J(/l\07k.
Problems:

1. When m = 0, M\070 = {pt}, so /T/l\(m doesn’t “know” about bubbling.

2. Even for stable maps, we are forced to consider unstable domains, and unfortunately
the moduli space of unstable Riemann spheres with its natural topology is not even
Hausdorff...

Recap: We want J to depend on points in Ho,m (stable nodal Riemann spheres) and
ensure that only stable domains appear.

8.4 Making Fantasy Reality

For [w] € H*(V;Z), let W), C V be a Donaldson hypersurface of degree k € N. For a fixed .J
(w-compatible), we can assume Wy is “almost J-holomorphic” for k >> 0, i.e. there exists
J' C°-close to J such that W is J’-holomorphic (J' may be just w-tame).
Then u € Mg, (V,J’") implies that [u] - [Wy] = kw(u) =: [ > k. Unless u is contained in
W, generically it intersects W}, at [ points, hence it has [! lifts to an element of
MO,m+l<V7 Jl? Wk) = {U S MO,m+l<V7 J,) ’
for the last 1 marked points z, ..., 2prm, w(2), ..., u(2pm) € Wi}

Idea: This will force domains to have at least 3 marked points!

Lemma 8.1. Given an w-compatible J and an almost J-holomorphic hypersurface Wy, for
k>>1, J has a C°-small neighborhppd U; C {C™ w — tame a.c.s.} such that

1. There exists k. > 0 depending only on (V,w,J) such that for any J' € Uy, all J'-
holomorphic spheres u : S? — V satisfy c1(u) < kuw(u)
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2. for any k >> 1, Uyw, = {J € Uy | Wy is J' — holomorphic} is non-empty and
connected.

Lemma 8.2. Ifk is sufficiently large and J' € U w, generic, then there are no J'-holomorphic
spheres contained in Wy.

Proof. Assume u : S? — W), is without loss of generality simple. Its index as a curve in W),
is

0 <ind(u) =2(n —4) + 2{c; (TWy), [u])
where ¢;(TWy) = c1(TV|w,,) — ai(Nw,) = c1(TV|w,) — klw|w,], hence

ind(u) = 2(n —4) 4+ 2¢1(u) — kw(u)
<2(n—4) —2(k — k)w(u)
<2(n—4)—2(k— k) <0
if k >> 1. O

Lemma 8.3. If k is sufficiently large and J' € U,w, generic, then every nonconstant J'-
holomorphic u : S* — V intersects Wy, in at least 3 distinct points of its domain.

Proof. Let u : S? — V be without loss of generality simple. Let u™'(Wy) = {21, ..., 2n},
where the local intersection index at z; is I; € N. Then Zﬁvzl l; = [u] - [Wy] = kw(u). Now
u belongs to the moduli space of curves with N marked points intersecting W, with these
conditions, and so

0 <vir. dim. = 2(n — 3) 4 2¢;(u) + 2N — 2kw(u)
< 2(n—3) +2(k. — k) + 2N,

hence if £ >> 0, then also N >> 0. O
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